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ABSTRACT
Finite eccentricities in mass-transferring eccentric binary systems can be explained by taking into
account mass-loss and mass-transfer processes that often occur in these systems. These processes
can be treated as perturbations to the general two-body problem. The time-evolution equations
for the semi-major axis and the eccentricity derived from perturbative methods are in general phase-
dependent. The osculating semi-major axis and eccentricity change over the orbital timescale and they
are not easy to implement in binary evolution codes like MESA. However, the secular orbital element
evolution equations can be simplified averaging over the rapidly varying true anomalies. In this paper,
we derive the secular time-evolution equations for the semi-major axis and the eccentricity for various
mass-loss/transfer processes using either the adiabatic approximation or the assumption of delta-
function mass-loss/transfer at periastron. We begin with the cases of isotropic and anisotropic wind
mass-loss. We continue with conservative and non-conservative non-isotropic mass ejection/accretion
(including RLOF) for both point-masses and extended bodies. We conclude with the case of phase-
dependent mass accretion. Comparison of the derived equations with similar work in the literature is
included and explanation of the existing discrepancies is provided.
1. INTRODUCTION
The evolution of stellar binaries can be affected by a
variety of physical phenomena, including mass-loss and
mass-transfer processes. Such processes affect the orbital
evolution of these systems and thus consist an impor-
tant part of the binary evolution theory. In Dosopoulou
& Kalogera 2016 (from now on Paper I), we treated
different cases of mass-loss/transfer as perturbations to
the general two-body problem. In that paper, we de-
scribed the general perturbation method that can be
used to calculate the orbital evolution of the binary
and using this method we derived the general phase-
dependent time-evolution equations for the semi-major
axis and the eccentricity. Here, assuming that the binary
is slowly evolving we orbit-average the phase-dependent
time-evolution equations and derive the secular time-
evolution equations for the semi-major axis and the ec-
centricity. The secular evolution equations are derived
both in the adiabatic regime as well as under the as-
sumption of delta-function perturbation.
We consider two bodies of masses M1 and M2 in an
eccentric binary system of total mass M . We refer to
these as the donor and the accretor, respectively. The
donor M1 is losing mass with a rate M˙1 and the accre-
tor is accreting mass with a rate M˙2 so that the total
mass-loss rate is given by M˙ = M˙1 + M˙2. For non-
conservative mass-transfer, only a fraction γ of the lost
mass is accreted. This means that in this case we have
M˙2 = −γM˙1, where M˙1 < 0. For the general case of non-
conservative mass-transfer, we derived in Paper I the fol-
lowing phase-dependent time-evolution equations of the
osculating semi-major axis a and eccentricity e in the KR
reference system [see Figure 1 here and equations (117)
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and (118) in Paper I](
da
dt
)
non−con
=
2
n
√
1− e2 [bre sin ν + bτ (1 + e cos ν)]
− 2ha
[
e2 + 2e cos ν + 1
1− e2
]
− (ζ + 1)
[
e2 + 2e cos ν + 1
1− e2
]
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M
(1)(
de
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)
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(1− e2)1/2
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[br sin ν
+bτ
2 cos ν + e(1 + cos2 ν)
1 + e cos ν
]
− 2h [e+ cos ν]− (ζ + 1) [e+ cos ν] M˙
M
(2)
where the subscripts r and τ refer to the radial and tan-
gential components respectively, ν is the true anomaly
and ζ is the fraction of the total orbital angular momen-
tum removed from the system. The other parameters are
defined by
b ≡ M˙2
(
w2
M2
+
ωorb × rA2
M2
+
w1
M1
+
ωorb × rA1
M1
)
+ M¨2
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rA2
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and
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(
1
M2
− 1
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)
(4)
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2 Dosopoulou and Kalogera
M˙2 = M˙2,acc = −γM˙1 (5)
M˙1 = −M˙2,acc = M˙1,acc = γM˙1 (6)
M˙ = (1− γ)M˙1. (7)
In equations (3) − (7), w1 and w2 are the absolute
velocities of the ejected and accreted mass respectively
and rA1 and rA1 are the positions of the ejection and
accretion points relative to the bodies centers-of-mass.
Furthermore, v1 and v2 are the orbital velocities of the
two bodies with respect to the inertial frame and ωorb is
the orbital angular frequency.
In the case the bodies in the binary system can be
treated as point-masses we can simplify equations (1)
and (2) and rewrite them as [see equations (123) and
(124) in Paper I](
da
dt
)point
non−con
=
2
n
√
1− e2 [cre sin ν + cτ (1 + e cos ν)]
− (ζ + 1)
[
e2 + 2e cos ν + 1
1− e2
]
M˙
M
(8)(
de
dt
)point
non−con
=
(1− e2)1/2
na
[cr sin ν
+cτ
2 cos ν + e(1 + cos2 ν)
1 + e cos ν
]
− (ζ + 1) [e+ cos ν] M˙
M
.
(9)
where we make use of the definition
c ≡ M˙2
M2
(w2 − v2)− M˙1
M1
(w1 − v1) (10)
and the subscripts r and τ refer to the radial and tan-
gential components, respectively.
Equations (1) and (2) are in general phase-dependent
and indicate that the semi-major axis and the eccentric-
ity change over orbital timescales undergoing periodic os-
cillations. This makes these equations difficult to imple-
ment in binary evolution codes like StarTrack (Belczyn-
ski et al. 2008), BSE (Hurley et al. 2002) or MESA (Pax-
ton et al. 2011, 2013, 2015). This difficulty emerges from
the fact that the semi-major axis and eccentricity change
on an orbital timescale τorb while in the stellar evolution
codes mentioned before the time-step is limited by the
thermal timescale τth, where τth >> τorb. This means
that these codes cannot keep track of the evolutionary
changes in the orbital elements using equations (1) and
(2). However, equations (1) and (2) can be simplified if
they are orbit-averaged - a procedure that can smooth
out the aforementioned oscillations. When the assump-
tion of slowly evolving systems can be made, the orbit-
averaged equations provide information about the secular
evolution of the orbital elements and from now on we are
going to refer to these equations as secular time-evolution
equations. The secular time-evolution equations can then
be implemented in the stellar evolution codes mentioned
before. In this paper, we perform the orbit-averaging
process either under the adiabatic approximation or con-
sidering delta-function mass-loss/transfer at periastron.
Under either of these assumptions, the derived secular
time-evolution equations for the semi-major axis and the
eccentricity are simplified further and can be used to ef-
ficiently model interacting eccentric binary systems.
This paper is organized as follows. In Section 2 we
present the orbit-averaging process and describe as well
as comment on the adiabatic approximation and the as-
sumption of delta-function perturbation. In Section 3
we discuss briefly the importance of the reference frame
choice and derive for two different reference frames the
secular orbital element time-evolution equations both in
the adiabatic regime and for delta-function perturbation
under the additional assumption of a phase-independent
perturbation. In Section 4 we derive the secular time-
evolution equations for the semi-major axis and the ec-
centricity both in the adiabatic regime and under the as-
sumption of delta-function mass-loss/transfer at perias-
tron for the case of isotropic wind mass-loss. In Section 5
we apply the results of Section 3 in the case of anisotropic
wind mass-loss and discuss qualitatively the effect of
some simple wind structures on the binary orbital evo-
lution, including jets. In Section 6 we study the non-
isotropic ejection and accretion in a binary for the cases
of both conservative and non-conservative mass-transfer
(including Roche-Lobe-Overflow (RLOF)) assuming ex-
tended bodies. In Section 7 we derive the secular or-
bital element time-evolution equations for some com-
monly used characteristic examples of mass-loss/transfer
under the additional point-mass approximation. Section
8 deals with the case of a phase-dependent mass accretion
rate (Bondi-Hoyle scenario) and in Section 9 we summa-
rize our results.
2. SECULAR EVOLUTION
The time-evolving orbital elements of a perturbed
two-body system undergo physical oscillations due to
the periodicity of the orbit [see equations (1) and (2)].
These oscillations can be smoothed out adopting orbit-
averaging techniques that provide information about the
secular evolution of the system. Following Lagrange
planetary equations (which refer to osculating orbital el-
ements) for a general perturbation [see equations (18)−
(23) in Paper I] the time-evolution equation for the true
anomaly ν is given by
dν
dt
=
(
dν
dt
)
unperturbed
+
(
dν
dt
)
perturbation
(11)
=
n(1 + e cos ν)2
(1− e2)3/2 −
dω
dt
− cos idΩ
dt
(12)
where ω is the argument of periapsis and Ω is the longi-
tude of the ascending node. For a general perturbation,
the osculating orbit is precessing relative to the unper-
turbed orbit [see equations (21)−(23) in Paper I] and the
true anomaly time-evolution deviates from the first un-
perturbed term in equation (12). The additional terms
come from the fact that, while time t is measured from
a fixed moment in time, ν is measured from the periap-
sis, which changes through both precessions ω˙ and Ω˙. For
perturbations induced by mass-loss/transfer processes we
study in this paper we proved in Section 3 in Paper I [see
equation (65) in Paper I] that Ω˙ = 0. Assuming in ad-
dition that in first order approximation the precession of
the argument of periapsis ω due to mass-loss/transfer is
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small (i.e., ω˙ << 1) then to first order we can compute
the secular evolution of the orbital elements neglecting
the second and third term in equation (12) and using
instead the substitution
dν = n
(1 + e cos ν)2
(1− e2)3/2 dt (13)
when we integrate the equations da/dt and de/dt over ν
from 0 to 2pi. In order to incorporate higher-order ef-
fects in the perturbation equations we have to proceed
one step further and include all the terms in equation
(12) when applying the orbit-averaging process. In this
paper, we derive first-order secular time-evolution equa-
tions where the general orbit-averaging rule is defined by
the orbit-averaging integral
〈 (...) 〉 = (1− e
2)3/2
2pi
∫ 2pi
0
(...)
dν
(1 + e cosν)2
(14)
where we made use only of the first term in equation
(12) and the quantity to be orbit-averaged is depicted
with the three dots and is generally phase-dependent. In
most cases, this makes the above integral tedious and not
easy to resolve into a simple analytical form. However,
there are cases that lead to significant simplifications
to the time-evolution equations for the secular orbital
elements. Two commonly used simplifying approxima-
tions are the adiabatic approximation and the assump-
tion of a delta-function perturbation that we will describe
in detail in the following two subsections. In the next
sections, we orbit-average the various phase-dependent
time-evolution equations derived in Paper I under both
of these approximations.
2.1. Adiabatic approximation
To proceed with orbit-averaging equations (1) and (2)
we must make some assumptions about the perturbation
timescale. If the perturbation timescale is much longer
compared to the orbital timescale, the natural oscilla-
tions of the orbital elements can be smoothed out assum-
ing the perturbation is nearly constant along the orbit.
Keeping the perturbation an “adiabatic variant” of the
system, this assumption is called the adiabatic approxi-
mation and the regime where the adiabatic approxima-
tion is valid is known as the adiabatic regime. The system
leaves this regime when the perturbation timescale be-
comes comparable to the orbital period. At this point
adiabaticity is broken and the orbit-averaging method
no longer applies (e.g., Veras et al. 2011).
For mass-transferring binary systems the adiabatic
regime is valid by definition when the mass-loss rates in-
volved in a problem are constants or under a reasonable
approximation when the body’s orbital period is much
smaller than its mass-loss timescale. Mathematically,
this means that the mass-loss is so slow that both the
body’s mass-loss rate and its mass can be assumed con-
stant over one orbital period, i.e., we can take factors like
M˙/M out of the averaging integral (14) assuming they
are constant along the orbit.
2.2. Delta-function perturbation
Under certain conditions, the effect of a perturbation
on a two-body system can have its peak at specific or-
bital phases. In this case the perturbation force can be
approximated like delta-function perturbation centered
at specific points in the orbit.
In the case of mass-loss/transfer in eccentric orbits, the
evolution of the mass-transfer rate has a Gaussian-like
behavior, with a maximum value occurring at periastron
(e.g., Lajoie & Sills 2011; Davis et al. 2013). Thus, it
is reasonable to assume that mass-loss will mostly occur
near periastron, since this is the point in an eccentric
orbit where the component stars are closest to each other.
Because of this, it is logical to examine the case of delta-
function mass-loss/transfer at periastron. In this case,
we can assume a mass-loss rate M˙0 averaged over 2pi
such that
M˙ =
M˙0
2pi
δ(ν). (15)
where M is the mass of the mass-losing/accreting star
and M˙ the relevant mass-loss/accretion rate. The func-
tion δ(ν) is the delta-function as a function of the true
anomaly ν centered at the periastron position where
ν = 0.
3. REFERENCE FRAME DECOMPOSITION
The time-evolution equations for the osculating orbital
elements in their vector form [see equations (18)-(23) in
Paper I] are independent of the reference frame choice.
Decomposing the perturbing force into its components
in different coordinate systems is helpful and leads to
different sets of equations for the semi-major axis and
the eccentricity in each system.
In Section 3 of Paper I, we presented the form of the
phase-dependent time-evolution equations for the oscu-
lating orbital elements in three different reference sys-
tems [see Figure 1 here and Section 3 of Paper I for a
detailed description of the reference systems].
If we assume that the perturbation A is nearly con-
stant (i.e., phase-independent) along the orbit, then un-
der the adiabatic approximation equations (44) and (45)
Fig. 1.— Definition of different reference frames. Solid shaped
planes and angles refer to the inertial reference frame (xˆ, yˆ, zˆ),
while hatch shaped angles refer to the inclined by angle i orbital
plane. In the latter, two reference systems are defined, (pˆ, qˆ, lˆ) and
(rˆ, τˆ , nˆ), rotated by angle ν relative to the former.
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of Paper I orbit-averaged become〈
da
dt
〉ad
pˆ,qˆ,ˆl
= 0 (16)〈
de
dt
〉ad
pˆ,qˆ,ˆl
= −3
2
(1− e2)1/2
na
Aq (17)
while equations (46) and (47) of Paper I yield〈
da
dt
〉ad
rˆ,τˆ ,nˆ
=
2(1− e2)1/2
n
AT (18)〈
de
dt
〉ad
rˆ,τˆ ,nˆ
= −3
2
e
(1− e2)1/2
na
AT . (19)
Equations (16) and (17) describe the secular evolution
of the osculating semi-major axis and eccentricity for
a phase-independent perturbation under the adiabatic
approximation and in the reference system KJ(pˆ, qˆ, lˆ)
shown in Figure 1. Equations (18) and (19) describe the
same but in the reference system KR(rˆ, τˆ , nˆ) shown also
in Figure 1.
4. ISOTROPIC WIND MASS-LOSS
In the case of isotropic wind mass-loss, there is spher-
ical symmetry and thus the quantity b defined by equa-
tion (3) is zero, i.e., b = 0. Since there is no mass-
transferred we can set h = 0. We assume that the mass
lost does not remove any extra angular momentum other
than the one lost due to the total mass change, i.e., ζ = 0.
Substituting b = h = ζ = 0 into equations (1) and (2)
and performing the averaging rule (14) under the adi-
abatic approximation (M˙/M constant along the orbit)
leads to the secular time-evolution equations for the os-
culating semi-major axis and eccentricity in the adiabatic
regime in the case of isotropic wind mass-loss (e.g., Had-
jidemetriou 1963) 〈
da
dt
〉ad
iso
= −M˙
M
a (20)〈
de
dt
〉ad
iso
= 0 (21)
where M is the total mass, M˙ is the mass-loss rate and
the subscript iso stands for isotropic.
Equations (20) and (21) indicate that an isotropic wind
mass-loss leads to an increase in the secular semi-major
axis while keeping the secular eccentricity unchanged.
In other words, under adiabatic isotropic wind mass-loss
an initially circular orbit will remain on average circular
while an initially eccentric remain will retain on average
its initial eccentricity.
We mention here that Gurfil & Belyanin (2008) con-
sidered the case in which only one body is losing mass
isotropically. Following equation (3) in their paper,
they assume for this case a perturbation of the form
F = −(M˙1/M1)r˙ instead of F = −(M˙1/M)r˙. However,
the latter is the correct perturbation for the system in the
case only one component is losing mass in an isotropic
way [see Section 4 in Paper I]. The former perturbation
refers to case of anisotropic ejection of mass with an ab-
solute velocity of zero [see Section 6 here]. This impor-
tant difference leads to factor of 2 as well as different
denominator discrepancy in their equations (31), where
a˙ = −2(M˙1/M1)a, e˙ = 0. The semi-major axis secular
evolution equation is different compared to our equation
(20) due to both the different denominator and the fac-
tor of 2 while the eccentricity secular evolution remains
in both zero.
In Paper I we used the generalized Lagrange gauge
Φ = −∂∆L/∂r˙ [see subsection 2.1.2 of Paper I] to de-
rive the phase-dependent time-evolution equations for
the contact orbital elements [see equations (73) and (74)
in Paper I]. If we orbit-average these equations under
the adiabatic approximation we see that the secular evo-
lution of these elements is zero which is different from
what equations (20) and (21) indicate for the osculating
semi-major axis and eccentricity. However, we remind
here that unlike the osculating orbital elements the con-
tact orbital elements have no physical meaning but are
sometimes useful mathematical tools [see see subsection
2.1.2 of Paper I for a more detailed discussion]. In other
words, this means that the fact that the contact orbital
elements do not evolve secularly has no physical inter-
pretation.
Under the assumption of isotropic delta-function mass-
loss at periastron, the orbit-averaging procedure (14) on
equations (1) and (2) (after the substitution b = h =
ζ = 0) yields〈
da
dt
〉δ
iso
= −M˙
M
(1− e2)1/2a (22)〈
de
dt
〉δ
iso
= −M˙
M
(1− e2)1/2(1− e). (23)
Equations (22) and (23) indicate that isotropic wind
mass-loss at periastron leads to a secular increases in the
both the semi-major axis and eccentricity.
We note here that throughout the whole process no
assumption is made for low eccentricities, so the above
equations are valid for any value of eccentricity.
Besides, equations (22) and (23) show that the circular
case is equivalent to the adiabatic isotropic wind mass-
loss case [see equations (20) and (21)]. This can be seen
by plugging in e = 0 to equations (22) and (23).
For completeness, we mention here that for a perturb-
ing force linearly proportional to the orbital velocity, i.e.,
F ∝ r˙ (e.g., adiabatic isotropic wind mass-loss studied
here) the time-evolution of ω is ∝ sin ν which means that
on average the change in ω is zero.
5. ANISOTROPIC WIND MASS-LOSS
In Paper I, we derived the perturbing acceleration in
the case of anisotropic wind mass-loss from the donor of
mass M1(t) which is given by Aaniso = Faniso/M1(t).
For the sake of simplicity, we choose the reference sys-
tem KJ(pˆ, qˆ, lˆ) [see Figure 1]. Substituting the afore-
mentioned perturbing acceleration A to the adiabatic
equations (16) and (17) leads to the following secular
time-evolution equations for the osculating semi-major
axis and the eccentricity in the adiabatic regime for the
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case of anisotropic wind mass-loss〈
da
dt
〉ad,aniso
pˆ,qˆ,ˆl
= 0 (24)〈
de
dt
〉ad,aniso
pˆ,qˆ,ˆl
= −3
2
(1− e2)1/2
naM1(t)
Faniso,q. (25)
where the components of the perturbing force Faniso in
the inertial reference system KI(xˆ, yˆ, zˆ) [see Figure 1] are
given by
Faniso,x =
1
4pi
∫ pi
0
∫ 2pi
0
J(φ, θ, t)u(φ, θ, t)dφ sin θ cosφdθ (26)
Faniso,y =
1
4pi
∫ pi
0
∫ 2pi
0
J(φ, θ, t)u(φ, θ, t)dφ sin θ sinφdθ (27)
Faniso,z =
1
4pi
∫ pi
0
∫ 2pi
0
J(φ, θ, t)u(φ, θ, t)dφ cos θdθ. (28)
and the transformation KI → KJ is done as follows
using the matrix Q defined by equations (52) − (60) in
Paper I(
Faniso,p
Faniso,q
Faniso,l
)
=
(
Q11 Q21 Q31
Q12 Q22 Q32
Q13 Q23 Q33
)(
Faniso,x
Faniso,y
Faniso,z
)
. (29)
It is obvious from equation (24) that for a phase-
independent perturbing force and under the adiabatic
approximation, there is no secular evolution of the
osculating semi-major axis due to phase-independent
anisotropic wind mass-loss [see also Veras et al. (2013)].
On the other hand, according to equation (25) a secular
change will be induced to the eccentricity if Faniso,q 6= 0.
The validity of this relation depends on the form and
structure of the anisotropic wind. In the next two sub-
sections we discuss briefly and qualitatively the effect of
different kind of anisotropic wind structures (including
jets) on the secular eccentricity.
5.1. Latitudinal and Longitudinal dependence
Equation (29) indicates that the only case in which
we can have Faniso,q = 0 is when Faniso,x = Faniso,y =
Faniso,z = 0. Under these conditions the secular eccen-
tricity will remain unchanged. We will discuss qualita-
tively different types of anisotropic wind mass-loss, sep-
arating the cases of latitudinal and longitudinal depen-
dence.
We assume that the mass-flux rate we can be decou-
pled in its space and time dependence as J(φ, θ, t) =
J0κ(θ)ξ(φ), where J0 = J(θ = 0, φ = 0, t).
For no longitudinal dependence we have ξ(φ) = 1.
Equations (26) − (28) show that in this case Faniso,x =
Faniso,y = 0 always.
1. The final form of Faniso,z depends on the func-
tional form of the latitudinal dependence κ(θ). For
an even function κ(θ) we have Faniso,z = 0. This
means that if the wind has only latitudinal depen-
dence and is symmetric about the equator, there is
no additional secular effect on the eccentricity.
2. Any asymmetry in the northern to southern hemi-
sphere wind can be described by the relation
κ(θ) {0 < θ < pi/2} = η κ(θ) {pi/2 < θ < pi}, where
η > 1 is a constant parameter that measures the
asymmetry between the two hemispheres. This re-
lation leads to Faniso,q 6= 0 since Faniso,z 6= 0 ⇒
Faniso,q = Q32Faniso,z 6= 0. Based on equation (25)
we get e˙ 6= 0 which means that the secular eccen-
tricity changes. The actual sign and type of the
secular change in eccentricity depends on the form
of the wind latitudinal dependence κ(θ).
In the case of only longitudinal dependence, ξ(φ) 6= 0
and κ(θ) = 1. Under this assumption, there is no way to
simultaneously have Faniso,x = Faniso,y = Faniso,z = 0.
More specifically, regardless of whether the mass is lost
symmetrically from the western and eastern hemisphere
or not, we have a secular change in the eccentricity that
will depend on the form of the wind longitudinal depen-
dence ξ(φ).
For general longitudinal and latitudinal dependence
the secular eccentricity changes, while the form of the
wind space dependence expressed through the functions
κ(θ) and ξ(φ) determines the sign and type of the eccen-
tricity secular time-evolution equation.
5.2. Jets
In thin bipolar jets, the mass-loss flux rate does not
depend on the longitude φ. Based on what we showed
in the previous subsection 5.1 in this case we have
Faniso,x = Faniso,y = 0. Furthermore, it is reasonable to
assume that in thin bipolar jets both the mass-loss flux
rate and the wind velocity are constant and uniform. If
the bipolar jets are also symmetric about the equator of
the donor then we have M˙upuup = M˙downudown, where
up : θ = 0 and down : θ = pi. This leads to Faniso,z = 0
as well and the secular eccentricity remains constant.
Asymmetric thin bipolar jets introduce a secular
eccentricity evolution proportional to the quantity
M˙downudown − M˙upuup.
A jet oriented in any other random direction in (φ, θ),
breaks the symmetry of the ejection and the secular ec-
centricity changes accordingly.
6. NON-ISOTROPIC EJECTION/ACCRETION IN
MASS-TRANSFER (REACTION FORCES)
6.1. Conservative case M˙ = J˙orb = 0
In all the following sections we choose to decompose
our perturbations in the reference system KR [see Figure
1].
When all the mass ejected from the donor is accreted
by the companion, there is no change in the total mass
and orbital angular momentum of the system. For the so-
called conservative case, this leads to M˙ = 0 in equations
(1) and (2).
The secular time-evolution equations (1) and (2) for
the case of conservative mass-transfer (i.e., M˙ = 0) in
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the adiabatic regime for extended bodies lead to〈
da
dt
〉ad
con
=
2
n
√
1− e2 [e 〈br sin ν〉
+ 〈bτ (1 + e cos ν)〉]− 2ha
(30)
〈
de
dt
〉ad
con
=
(1− e2)1/2
na
[〈br sin ν〉
+
〈
bτ
2 cos ν + e(1 + cos2 ν)
1 + e cos ν
〉] (31)
while for a delta-function mass-loss/transfer at perias-
tron we have〈
da
dt
〉δ
con
=
2
n
√
1− e2 [e 〈br sin ν〉
+ 〈bτ (1 + e cos ν)〉]− 2ha(1− e2)1/2
(32)
〈
de
dt
〉δ
con
=
(1− e2)1/2
na
[〈br sin ν〉
+
〈
bτ
2 cos ν + e(1 + cos2 ν)
1 + e cos ν
〉]
− 2h(1− e2)1/2(1− e).
(33)
We remind here that first terms in square brackets
on the RHS of equations (30) − (33) depend through
the quantity b defined in equation (3) on the ejection
and accretion points and associated velocities. The sec-
ond terms on the RHS emerge from the mass-transferred
from the donor to the accretor and are proportional
through the quantity h defined in equation (4) to the
mass-loss/transfer rate M˙2 = −M˙1.
In Paper I we used the generalized Lagrange gauge
Φ = −∂∆L/∂r˙ [see section 2.1.2 of Paper I] to de-
rive the phase-dependent time-evolution equations for
the contact elements [see equations (105) and (106) in
Paper I]. Either under the adiabatic approximation or
the delta-function mass-loss/transfer at periastron, equa-
tions (105) and (106) in Paper I give for the secular con-
tact semi-major axis and eccentricity〈
dacon
dt
〉ad,δ
con
=
2
n
√
1− e2 [e 〈br sin ν〉
+ 〈bτ (1 + e cos ν)〉]
(34)
〈
decon
dt
〉ad,δ
con
=
(1− e2)1/2
na
[〈br sin ν〉
+
〈
bτ
2 cos ν + e(1 + cos2 ν)
1 + e cos ν
〉]
.
(35)
From equations (35) and (31) we see that the secular
evolution for contact and osculating eccentricity under
the adiabatic approximation is the same while from (34)
and (30) the secular evolution of contact and osculating
semi-major axis is different.
Under delta-function mass-loss/transfer at periastron
equations (34) and (32) as well as (35) and (33) show
that both the secular evolution of contact and osculat-
ing eccentricity and semi-major axis are different. We
remind here again that the contact orbital elements have
no physical meaning but still remain useful mathematical
tools.
6.1.1. Conservative delta-function RLOF
In the case of Roche-Lobe-Overflow (RLOF) the mass
is lost from the donor through the Lagrangian point L1.
This means that for RLOF conservative mass-transfer we
have rA1 = rL1,P , rA2 = Racc, where L1, P is the loca-
tion of the Lagrangian point at periastron with respect
to the center of mass of the donor and Racc is the radius
vector of the accretor’s surface with respect to its center
of mass.
Sepinsky et al. (2007) assumed RLOF conservative
delta-function mass-loss/transfer at periastron so that
M˙2 = −M˙1 = −(M˙0/2pi)δ(ν). Although not explicitly
stated but implied by their equation (35) they assumed
so-called stationary particles which have zero absolute
velocities, i.e., (3) w1 = w2 = 0. Under this assumption
equation (3) becomes
b =M˙2
(
+
ωorb × rA2
M2
+
ωorb × rA1
M1
)
+ M¨2
(
rA2
M2
+
rA1
M1
)
. (36)
From equations (32) and (33) we see that for delta-
function mass-loss/transfer since sin ν = 0 at periastron
and both rL1,P and Racc are not phase-dependent quan-
tities, the only term that depends on b and survives in
equations (32) and (33) is the one including the tangen-
tial component of b i.e., bτ .
Substituting equations (4) and (36) into (41) and (42)
and after some algebra we are led to the following secular
time-evolution equations for the osculating semi-major
axis and eccentricity in the case of conservative RLOF
(Sepinsky et al. 2007)〈
da
dt
〉δ,RL
con
= −2aM˙2
M1
1
(1− e2)1/2
[
qe
rA2
a
cosφp + e
rA1
a
]
− 2M˙2
(
1
M2
− 1
M1
)
a(1− e2)1/2 (37)〈
de
dt
〉δ,RL
con
= −M˙2
M1
(1− e2)1/2
[
q
rA2
a
cosφp +
rA1
a
]
− 2M˙2
(
1
M2
− 1
M1
)
(1− e2)1/2(1− e) (38)
where q = M1/M2 is the mass ratio and φp is the angle
between the unit vector rˆ and the vector from the cen-
ter of mass of the accretor to the accretion point A2 at
periastron.
Equations (37) and (38) are the same as equations (39)
and (40) of Sepinsky et al. (2007). Sepinsky et al. (2007)
compared the timescale for the evolution of the eccentric-
ity due to tides and RLOF and found that, in contrast
to tides which always act to circularize the orbit, mass-
transfer may either increase or decrease the eccentricity,
over timescales ranging from a few Myr to a Hubble time.
Furthermore, the timescale over which mass-transfer acts
to increase the eccentricity may be shorter than the tidal
timescale which acts to decrease it.
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For completeness, we note here that equations (37)
and (38) reduce to the point-mass for stationary par-
ticles equations (70) and (71) described in section 7.4 by
setting rA1 = rA2 = 0. Thus, the first two terms in the
RHS of equations (37) and (38) emerge from the fact that
we took into account the physical extent of the ejection
and accretion point, which introduces additional pertur-
bations in our problem. These perturbations can be seen
by looking into terms dependent on rA1 , rA2 in equation
(3).
6.2. Non-conservative case, M˙, J˙orb 6= 0
When a fraction of the mass ejected from the donor
is accreted by the companion and the residual mass is
lost from the system, there is change in the total mass
and orbital angular momentum of the system. For this
so-called non-conservative case, M˙ 6= 0 and in the most
general case ζ 6= 0 too in equations (1) and (2). We men-
tion here that from now on in all cases with ζ 6= 0 when
we perform the orbit-average in the adiabatic regime we
assume that the parameter ζ is changing adiabatically so
that we can take it out from the orbit-averaging integral
(14).
The secular time-evolution equations (1) and (2) for
the case of non-conservative mass-transfer (i.e., M˙ = 0)
in the adiabatic regime for extended bodies lead to〈
da
dt
〉ad
non−con
=
2
n
√
1− e2 [e 〈br sin ν〉
+ 〈bτ (1 + e cos ν)〉]− 2ha
− (ζ + 1)M˙
M
(39)
〈
de
dt
〉ad
non−con
=
(1− e2)1/2
na
[〈br sin ν〉
+
〈
bτ
2 cos ν + e(1 + cos2 ν)
1 + e cos ν
〉] (40)
while for delta-function mass-transfer at periastron we
have〈
da
dt
〉δ
non−con
=
2
n
√
1− e2 [e 〈br sin ν〉
+ 〈bτ (1 + e cos ν)〉]− 2ha(1− e2)1/2
− (ζ + 1)M˙
M
(1− e2)1/2
(41)〈
de
dt
〉δ
non−con
=
(1− e2)1/2
na
[〈br sin ν〉
+
〈
bτ
2 cos ν + e(1 + cos2 ν)
1 + e cos ν
〉]
− 2h(1− e2)1/2(1− e)
− (ζ + 1)M˙
M
(1− e2)1/2(1− e).
(42)
Comparing equations (30)− (33) with (39)− (42) we see
an additional third term arising on the RHS of the above
equations. This term emerges from the non-conservative
nature of the mass-transfer which carries away from the
system both mass and orbital angular momentum. The
first component of this term is proportional to the pa-
rameter ζ describing the loss in the system’s orbital an-
gular momentum while the second component describes
the change in the total system mass and is proportional
to total mass-loss rate M˙ .
The additional effect induced by an extra angular mo-
mentum removal from the system can be seen in equa-
tions (39) and (40) or (41) and (42). Assuming an adia-
batically changing ζ 6= 0 this additional removal of angu-
lar momentum enhances the increase rate of the secular
semi-major axis and has no effect in the secular eccen-
tricity. Within the same considerations the limiting case
ζ → 1 does not induce any secular change in eccentricity
but speeds up to the maximum level possible from this
effect the secular expansion of the orbit. In the case of
delta-function mass-transfer at periastron ζ 6= 0 amplifies
the increase rate of the semi-major axis while depending
on the system under study speeds up the increase or de-
crease of eccentricity. Similarly to the adiabatic case,
the limiting case ζ → 1 maximizes the aforementioned
effects.
6.2.1. Non-Conservative delta-function RLOF
For non-conservative delta-function RLOF we assume
that only a fraction γ of the lost mass is accreted such
that M˙2 = −γM˙1. Following a similar procedure with
the one described in subsection 6.1.1, equations (1) and
(2) give the following for the secular time-evolution equa-
tions for the osculating semi-major axis and eccentricity
in the case of non-conservative RLOF〈
da
dt
〉δ,RL
non−con
= −2aM˙2
M1
1
(1− e2)1/2
[
γqe
rA2
a
cosφp
+γe
rA1
a
]
− 2M˙2
M1
a(1− e2)1/2 [γ(q − 1)
+(1− γ)
(
ζ +
1
2
)
q
1 + q
]
(43)〈
de
dt
〉δ,RL
non−con
= −M˙2
M1
(1− e2)1/2
[
γq
rA2
a
cosφp
+γ
rA1
a
]
− 2M˙2
M1
(1− e2)1/2(1− e) [γ(q − 1)
+(1− γ)
(
ζ +
1
2
)
q
1 + q
]
.
(44)
Equations (43) and (43) do not change qualitatively
the results for the mass-transfer timescale and the mass-
transfer effect on the secular semi-major axis and eccen-
tricity we mentioned in subsection 6.1.1 for the case of
conservative mass-transfer.
These equations are also derived in Sepinsky et al.
(2009). However, in that study it was assumed that mass
is lost only from the accretor and not from the system as
a whole as we assume here and is described in detail in
section 6.2 in Paper I. This difference leads to the factor
γ(q− 1) in our equations instead of (γq− 1) in equations
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(18) in (19) in Sepinsky et al. (2009). The same reason
also leads to the missing γ factor in the first term in the
RHS of equation (18) and the second term in the RHS
of equation (19) in Sepinsky et al. (2009).
7. POINT-MASS APPROXIMATION
For the case of both binary components treated as
point-masses, we have derived the form of the perturbing
force [see equations (119)-(122) in Paper I] as well as the
phase-dependent time-evolution equations (8) and (9) for
the semi-major axis and the eccentricity, respectively. In
the following sections, we apply these equations in some
commonly used characteristic examples of mass-loss and
mass-transfer under the point-mass approximation. Fur-
thermore, we compare our equations with equations de-
rived other studies that have considered applications sim-
ilar to the ones presented here.
7.1. Radial ejection from the donor with no accretion
We assume that the mass ejected from the donor is
always in the radial direction pointing towards the ac-
cretor while none of this matter is accreted. In this case,
we have M˙2 = 0, M˙ = M˙1, ζ = 0 and w1 − v1 = Vr rˆ.
The quantity c defined by equation (10) then becomes
cradial = −M˙1
M1
(w1 − v1) (45)
from which in this case we have cr = − M˙1M1Vr and cτ = 0
in equations (8) and (9).
We introduce a parameter λr which is a measure of the
ejection velocity as a fraction of the orbital velocity at
periastron and is defined by
Vr = λr
2pia
P
. (46)
The secular point-mass time-evolution equations (8)
and (9) for the semi-major axis and the eccentricity in
the adiabatic regime for radial ejection with no accretion
then become 〈
da
dt
〉ad
r
= −M˙1
M
a (47)〈
de
dt
〉ad
r
= 0. (48)
From equations (47) and (48) we see that a radial ejec-
tion from the donor with no accretion is equivalent to
the case of isotropic wind mass-loss, which was studied
in Section 4 and is governed by equations (20) and (21).
Equations (47) and (48) are consistent with the work of
Huang (1956).
7.2. Tangential ejection from donor with no accretion
In this case the mass is ejected in the tangential di-
rection while the assumption of no accretion remains the
same as in the section 7.1. This means that M˙2 = 0, M˙ =
M˙1, ζ = 0 and w1 − v1 = ±Vτ τˆ . In the last relation, for
Vτ > 0, the plus sign refers to ejection in the direction
opposite to the direction of motion of the body. We can
then write the quantity c defined in equation (10) as
ctangential = −M˙1
M1
(w1 − v1) (49)
from which in this case we have cr = 0 and cτ = ∓ M˙1M1Vτ
in equations (8) and (9).
We introduce here the parameter λτ > 0 defined in the
same way as in equation (46) by
Vr = λτ
2pia
P
. (50)
The secular point-mass time-evolution equations (8)
and (9) for the semi-major axis and the eccentricity in
the adiabatic regime for tangential ejection with no ac-
cretion then become〈
da
dt
〉ad
t
= −M˙1
M
a∓ 2λτ (1− e2)1/2 M˙1
M1
a (51)〈
de
dt
〉ad
t
= ∓λτ (1− e
2)3/2
e
M˙1
M1
± λτ
(
e2
2
+ 1
)
(1− e2)1/2
e
M˙1
M1
(52)
where we remind here that the plus sign refers to ejec-
tion in the direction of motion of the body (front side)
and the minus sign to the opposite (rear side). Equa-
tion (52) seems to have a singularity for circular orbits
(e = 0). However, as we describe below equation (52)
reduces to simpler forms with no singularity for either
rear and frontal ejection.
Specifically, for rear ejection, tangential but opposite
to the orbital motion, we have the minus sign and equa-
tions (51) and (52) simplify to〈
da
dt
〉ad
t
= −M˙1
M
a− 2λτ (1− e2)1/2 M˙1
M1
a (53)〈
de
dt
〉ad
t
=
3
2
λτe(1− e2)1/2. (54)
Equations (53) and (54) indicate that an ejection of
mass opposite to the motion of the body direction leads to
an increase in the secular semi-major axis and a decrease
in the secular eccentricity of the orbit.
For frontal ejection, tangential but along the orbital
motion, we have the opposite result since in this case〈
da
dt
〉ad
t
= −M˙1
M
a+ 2λτ (1− e2)1/2 M˙1
M1
a (55)〈
de
dt
〉ad
t
= −3
2
λτe(1− e2)1/2 (56)
which shows that an ejection in the same to the motion
of the body direction leads to a secular semi-major axis
decrease and a secular eccentricity increase. Equations
(53) − (56) for the circular case of e = 0 predict a zero
secular evolution for the eccentricity which means that
an initially-circular orbit will remain circular under the
assumption of only tangential adiabatic mass-loss with
no accretion in the case of point masses. We note here
that both quantitatively and qualitatively we agree with
Huang (1956), who used a different formalism to derive
equations similar to our equations (53)− (56).
It is interesting to see at this point what happens in
the rear ejection case for delta-function mass-loss at pe-
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riastron. In this case we have〈
da
dt
〉δ
t
= −M˙1
M
(1− e2)1/2 − λτ
pi
(1− e)M˙1
M1
a (57)〈
de
dt
〉δ
t
= −λτ
pi
(1− e)2 M˙1
M1
(58)
which depicts that both the secular semi-major axis and
eccentricity increase for rear delta-function mass-loss at
periastron. If the same ejection is to take place at apas-
tron, one can prove that this will lead to an increase in
the secular semi-major axis and a decrease to the secular
eccentricity.
Since the case of frontal ejection differs only by a sign
compared to the rear ejection case, frontal delta-function
mass-loss at periastron will lead to a semi-major axis and
eccentricity secular decrease, while delta-function mass-
loss at apastron will decrease the secular semi-major axis
and increase the secular eccentricity.
7.3. Isotropic/Radial wind mass-loss from the donor,
radial partial wind accretion and tangential
mass-loss from the accretor
We have shown in Section 7.1 that a radial ejection
of mass is in the adiabatic regime secularly equivalent
to the isotropic wind mass-loss case studied in Section 4.
Following the same logic the same is true for any radially
accreted matter.
For our case here we assume the donor is losing mass
either isotropically in a wind or with a radial ejection
pointing always towards the accretor. Part of this mass
is accreted radially to the companion and the rest of it
is tangentially lost from it with a constant absolute ve-
locity V. What introduces perturbing forces in the sce-
nario described above is the tangential mass-loss and we
assume for it to always happen with a velocity opposite
to the tangential motion of the accreting body. We note
here that under these assumptions, the relative velocity
of the tangentially lost mass to the center of mass of the
companion is phase-dependent.
Based on the above assumptions, we have M˙2 =
−γM˙1, M˙ = (1−γ)M˙1 and w2 = V τˆ . Because the quan-
tity c defined by equation (10) is now phase-dependent,
the tangential wind mass-loss introduces an effective
ζ = ζeff . We note here that as we mentioned in Sec-
tion 7.1 a radial ejection is in adiabatic regime secularly
equivalent to the isotropic wind mass-loss and does not
introduce any reaction force. Hence, the perturbing force
defined by equation (119) in Paper I, is only due to the
tangential mass-loss and can be written as
Ftan−loss =
M˙2
M2
(w2 − v2)− 1
2
M˙
M
r˙ (59)
=
M˙2
M2
V τˆ −
(
1
2
M˙
M
+
M˙2
M2
)
r˙. (60)
From equation (60) we have for the value of c and ζeff
c =
M˙2
M2
V τˆ (61)
ζeff =
2γ
γ − 1
(
M1
M2
+ 1
)
. (62)
Based on equations (61) and (62) we have in equations
(8) and (9) that cr = 0, cτ =
M˙2
M2
V and ζ = ζeff .
Similarly to the previous subsections, we introduce
here the parameter λa such that
1− γ
γ
V = λa
2pia
P
. (63)
We find that apart from the known secular equations
for isotropic wind mass-loss/radial ejection in the adia-
batic regime 〈
da
dt
〉ad
= −M˙1
M
a (64)〈
de
dt
〉ad
= 0 (65)
the secular time-evolution equations (8) and (9) in the
case studied here become〈
da
dt
〉ad
= −1− γ
γ
M˙2
M
a− 2λ(1− e2)1/2 M˙2
M2
a (66)〈
de
dt
〉ad
=
{
3
2
λe(1− e2)1/2
+ ρ
(1− e2)3/2
e
}
M˙2
M2
(67)
where ρ = (1− e2)−1/2 − 1. In this case, equations (66)
and (67) indicate that the secular semi-major axis de-
creases while the secular eccentricity increases. We note
here that equations (64) and (65) are included in equa-
tions (66) and (67).
We mention here that we agree with the results by
Boffin & Jorissen (1988). In that study Boffin & Joris-
sen (1988) based on the work of Huang (1956) made
some corrections and re-derived equations (66) and (67).
Bonacˇic´ Marinovic´ et al. (2008) derived similar equations
to our equations (66) and (67) by making specific as-
sumptions for the radial and tangential components of
the wind velocity when the latter is accreted. As it can
be seen from the general equations (1) and (2), the fi-
nal expressions for the time-evolution of a and e depend
strongly on the specific assumptions made about wind ve-
locity when it is ejected or is accreted. Thus, comparison
between the time-evolution equations for the semi-major
axis and eccentricity between previous work is strongly
driven by the different assumptions made separately in
each of these works.
7.4. Conservative mass-transfer for stationary
particles
In many previous work, the ejected or accreted mass
particles were assumed to not have an absolute velocity
on their own, (e.g., Soker 2000; Eggleton 2006; Sepin-
sky et al. 2007). This assumption of the so-called sta-
tionary point particles leads to the additional relation
w1 = w2 = 0, so that from equation (3) we have for this
case b = 0.
Under these assumptions, equations (1) and (2) lead
to the following secular time-evolution equations for the
semi-major axis and eccentricity in the adiabatic regime
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for stationary point particles and conservative mass-
transfer 〈
da
dt
〉ad
con
= −2M˙2
(
1
M2
− 1
M1
)
a (68)〈
de
dt
〉ad
con
= 0 (69)
while for delta-function conservative mass-transfer at pe-
riastron we have〈
da
dt
〉δ
con
= −2M˙2
(
1
M2
− 1
M1
)
a(1− e2)1/2 (70)〈
de
dt
〉δ
con
= −2M˙2
(
1
M2
− 1
M1
)
(1− e2)1/2(1− e).
(71)
Equations (68)− (71) show that, in the case of station-
ary particles, the effect of mass-transfer on the secular
semi-major axis and eccentricity depends on the mass
ratio q. In the adiabatic regime, the secular eccentricity
does not change while the secular semi-major axis de-
creases for q > 1 and increases for q < 1. In the case
of delta-function mass-transfer at periastron, both the
secular semi-major axis and the eccentricity decrease for
q > 1 and increase for q < 1.
We mention here that the same perturbation for con-
servative mass-transfer and stationary particles, which is
equal to −M˙2
(
1
M2
− 1M1
)
r˙ is derived in Eggleton (2006)
[see equation (4) in here and equation (6.27) in page 251
in Eggleton (2006)].
However, for the case of delta-function mass-transfer at
periastron Eggleton (2006) derives the following secular
time-evolution equation for the eccentricity〈
de
dt
〉δ
Egg
= −2M˙2
(
1
M2
− 1
M1
)
(1 + e) (72)
which has clearly a very different functional dependence
on e compared to our equation (71). Formula (72) has
also been used in previous work, (e.g., Soker 2000). The
reason for this discrepancy is that in these studies there
is an error in the computation of the orbit-averaging inte-
gral (14) for a delta-function conservative mass-transfer
in the case of stationary particles. In more detail Soker
(2000) made a substitution cos ν = 1 (ν = 0 at perias-
tron) in equation (2) instead of performing the complete
averaging integral (14) with delta-function mass-transfer
at periastron.
8. NON-CONSERVATIVE PHASE-DEPENDENT
MASS-TRANSFER FOR POINT-MASSES
(BONDI-HOYLE)
Based on the Bondi-Hoyle accretion scenario (Bondi &
Hoyle 1944) the accretion rate from a stellar wind can be
written as
M˙2 = aBH
4pi (GM2)
2
(V 2rel + c
2
w)
3/2
ρw (73)
where aBH is the Bondi-Hoyle accretion efficiency, cw
is the wind sound speed and Vrel is the is the relative
velocity of the wind with respect to the accreting star.
An assumption commonly being made (e.g., Duncan &
Lissauer 1998; Jura 2008; Villaver & Livio 2009; Passy
et al. 2012; Spiegel & Madhusudhan 2012; Veras 2016)
is that the density of the wind ρw in the vicinity of the
accretor follows the steady spherically symmetric profile
M˙1 = −4pir2ρwVw, where M˙1 is the wind-mass loss rate
and Vw is the wind velocity magnitude. Assuming that
the wind flow is supersonic (Vrel >> cw) the accretion
rate M˙2 for a radial wind (with respect to the orbit) of
speed Vw = Vwrˆ is given by
M˙2 = −aBH
(
GM2
r
)2
1
Vw|Vwr/r − r˙|3 M˙1. (74)
where the efficiency factor for Bondi-Hoyle accretion aBH
is in the range 0.5− 1.0 in the Bondi-Hoyle model (e.g.,
Bondi & Hoyle 1944; Shima et al. 1985), although it may
be as low as 0.025 in some specific cases (e.g., Theuns et
al. 1996; Edgar 2004).
For fast wind we have Vw  Vorb and equation (74)
reduces to
M˙2 = |M˙1|r
2
0
r2
(75)
where all the constants have been summed up in r0 to
indicate dimensionality and r0 is defined by
r20 = aBH
(GM2)
2
V 4w
(76)
For slow wind we have Vw  Vorb and equation (74)
reduces to
M˙2 = |M˙1|r
2
0
r2
(
V0
r˙
)3
(77)
where again V0 is a constant indicating dimensionality
defined by V0 = Vw.
Both cases are non-conservative mass-transfer since
only the fraction given by equation (74) is accreted by
the companion. This fraction is phase dependent and in
the case of fast wind is given by γ(ν), which is defined
as M˙2 = −γ(ν)M˙1 and is given by
γ(ν) =
r20
r2
=
r20(1 + e cos ν)
2
a2(1− e2)2 . (78)
We then have M˙ = (1 − γ(ν))M˙1. Assuming point
stationary masses (i.e., b = 0) and no extra angular mo-
mentum removal (i.e., ζ = 0), the total perturbing force
for the phase-dependent partial fast wind accretion can
be written as
Ffw = −
(
M˙2
MWT
+
1
2
M˙
M
)
r˙ (79)
where the subscript fw stands for fast wind and for com-
parison we kept the same definition as in Eggleton (2006)
1
MWT
=
1
M2
− 1
M1
(80)
Equations (1) and (2) then give for the secular semi-
major axis and eccentricity evolution due fast wind
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Bondi-hoyle (BH) partial accretion in the adiabatic
regime the following equations〈
da
dt
〉BH
fw
=
|M˙1|
M
a− M˙0 1 + e
2
1− e2 a
(
2
MWT
+
1
M
)
(81)〈
de
dt
〉BH
fw
= −M˙0e
(
2
MWT
+
1
M
)
(82)
where we defined for comparison with Eggleton (2006)
the quantity M˙0 as
M˙0 =
|M˙1|r20
a2(1− e2)1/2 . (83)
We mention here that in page 252 and equation (6.33)
in Eggleton (2006), there is an error and the factor (1−
e2)2 in the denominator should be (1 − e2)1/2 as in our
equation (83).
After some algebra we can see that the sign of the right-
hand-side of equation (82) is determined by the sign of
the quantity 2q2 + q−2 with a single zero solution in the
range q > 0 for q = 0.78. For 0 < q < 0.78 the right-
hand-side of equations (81) and (82) is positive and thus
for a mass-ratio q in the range 0 < q < 0.78, both the
secular semi-major axis and eccentricity increase. For a
mass-ratio q > 0.78 the right-hand-side of equation (82)
is negative and the secular eccentricity always decreases
while the sign of the right-hand-side of equation (81) can-
not be determined since it involves many and different
parameters. This means that for a mass-ratio q > 0.78
the semi-major secular evolution depends on many pa-
rameters including the orbital elements, the Bondi-Hoyle
accretion efficiency parameter aBH , the masses and the
fast wind absolute velocity VW .
The general case of slow wind is described by equa-
tion (77) and leads to a elliptical integral that demands
numerical integration.
In the case that the wind velocity Vw is of the same
order like the orbital velocity Vw ∼ Vorb, equation (74)
must be employed. This case needs numerical manipu-
lation. The same is true for the any non-radial (with re-
spect to the orbit) wind. However, assuming that the or-
bital velocity Vorb = r˙ is always perpendicular to the ra-
dial wind which is always true in the circular case (Bondi-
Hoyle circular approximation), then equation (74) sim-
plifies to
M˙2 = −aBH
2
(
GM2
rV 2w
)2 [
1
(1 + V 2)3/2
]
M˙1 (84)
where we have assumed a constant velocity wind, a
Bondi-Hoyle factor aBH and we defined
V 2 =
V 2c
V 2w
(85)
V 2c =
G(M1 +M2)
a
(86)
where the subscript c is for reminding the circular ap-
proximation made here.
Under these approximations equation (84) reduces to
an equation similar to the case of fast wind equation (75)
but with r0 defined by
r20 =
aBH
2
(
GM2
V 2w
)2 [
1
(1 + V 2)3/2
]
(87)
Using r0 defined in equation (87) equations (81) − (83)
can be used accordingly to describe the Bondi-Hoyle ac-
cretion under the circular approximation.
Boffin & Jorissen (1988), Karakas et al. (2000), Hurley
et al. (2002) and Vos et al. (2015) made use of equa-
tion (84) but they first substituted 1/r2 by its average〈
1/r2
〉
= 1/[a2(1 − e2)1/2]. With this approach, they
forced the mass-transfer rate to be phase-independent,
so performing the averaging integral (14) in equations
(1) and (2) is oversimplified in their analyses. The
right treatment involves orbit-averaging the full expres-
sion including the phase-dependent quantity γ(ν) given
by equation (78).
Moreover, in equation (A.29) in Vos et al. (2015) the
last terms in the RHS of equations (1) and (2) are miss-
ing. These terms come from the change in total mass and
orbital angular momentum of the system and cannot be
neglected.
9. CONCLUSIONS
In this paper, we discussed the effect of various and
different types of mass-loss and mass-transfer processes
on the orbital evolution of eccentric binary systems. We
made use of the general formulation and the phase-
dependent time-evolution equations of orbital elements
presented in Paper I. Based on them, we derived the sec-
ular time-evolution equations for the semi-major axis and
the eccentricity under either the adiabatic approximation
or the assumption of delta-function mass-loss/transfer at
periastron.
We first discussed the cases of isotropic and anisotropic
wind mass-loss. We then studied the non-isotropic ejec-
tion and accretion in a binary (including RLOF) in the
conservative and non-conservative cases and for both
point-masses and extended bodies. We presented specific
examples of mass-loss/transfer under the point-mass
approximation and compared them with similar work
in the literature. We concluded discussing the case of
phase-dependent mass accretion under the Bondi-Hoyle
scenario.
The main results of the paper are summarized below:
• We studied the case of isotropic wind mass-loss.
We proved that under the adiabatic approximation
the secular osculating semi-major axis increases,
while the secular osculating eccentricity remains
constant. On the other hand, for delta-function
isotropic mass-loss at periastron there is an in-
crease in both the secular osculating semi-major
axis and eccentricity.
• We studied the case of anisotropic wind mass-
loss. We showed that when the wind mass-loss
is phase-independent the secular osculating semi-
major axis is not affected. For wind mass-loss that
is longitudinal independent and symmetrical about
the equator, the secular osculating eccentricity re-
mains constant. However, any asymmetry about
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the equator or any existing longitudinal depen-
dence introduces changes in the secular eccentricity
that depend on the specific spatial structure of the
wind on both latitude and longitude. Symmetric
thin bipolar jets leave the secular eccentricity un-
changed while any other asymmetrical or randomly
directed jets induce secular eccentricity evolution.
• We continued with the non-isotropic ejection and
accretion in the case of point-masses. In this case:
1. A radial ejection from the donor with no ac-
cretion is secularly equivalent to the isotropic
wind mass-loss case mentioned above.
2. An ejection of mass in the opposite to the mo-
tion of the body direction leads to an increase
in the secular semi-major axis and a decrease
in the secular eccentricity of the orbit. An
ejection in the same to the motion of the body
direction leads to a semi-major axis secular
decrease and an eccentricity secular increase.
3. For rear ejection and delta-function mass-
transfer at periastron, both the secular semi-
major axis and eccentricity increase. If the
case of apastron, this will lead to an increase
in the secular semi-major axis and a decrease
to the secular eccentricity. For frontal ejec-
tion, delta-function mass-transfer at perias-
tron will lead to a secular semi-major axis
and eccentricity decrease, while delta-function
mass-transfer at apastron will decrease the
secular semi-major axis and increase the sec-
ular eccentricity.
4. In the case of isotropic/radial wind mass-loss
from the donor and radial partial wind ac-
cretion and tangential mass-loss from the ac-
cretor, the secular semi-major axis decreases
while the secular eccentricity increases.
• For the case of conservative or non-conservative
RLOF, in contrast to tides which always act to
circularize the orbit, mass-transfer may either in-
crease or decrease the secular eccentricity, over
timescales ranging from a few Myr to a Hubble
time.
• For stationary particles, the secular semi-major
axis and eccentricity time-evolution depends on the
mass ratio q = M1/M2. For adiabatic mass-loss
rate, the secular eccentricity does not change while
the secular semi-major axis decreases for q > 1
and increases for q < 1. In the case of delta-
function mass-loss at periastron, both the secular
semi-major axis and eccentricity decrease for q > 1
and increase for q < 1.
• For phase-dependent mass-transfer assuming point
and stationary particles, applying the general
Bondi-hoyle accretion scenario requires numerical
integration. However, the cases of fast wind or ra-
dial wind under the circular approximation are an-
alytically integrable. For 0 < q < 0.78 both the
secular semi-major axis and eccentricity increase.
For a mass-ratio q > 0.78 the secular eccentric-
ity always decreases while the semi-major secular
evolution depends on many parameters including
the orbital elements, the Bondi-Hoyle accretion ef-
ficiency parameter aBH , the masses and the fast
wind absolute velocity VW .
The secular time-evolution equations for the semi-
major axis and the eccentricity we presented here for
various and different cases of mass-loss/transfer could be
used to model interacting eccentric binaries in star and
binary evolution codes like StarTrack (Belczynski et al.
2008), BSE (Hurley et al. 2002) or MESA (Paxton et al.
2011, 2013, 2015).
In a future paper, we will attempt to relax the as-
sumption of tidal locking in the case of extended bod-
ies in the binary and study the effect of mass-loss and
mass-transfer on the time-evolution of the binary orbital
elements as well as the binary components spins. Assum-
ing strong coupling between the spin and orbital angular
momentum, we will derive secular time-evolution equa-
tions for the orbital elements and spins for the specific
examples of mass-loss and mass-transfer studied in this
paper including new applications.
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